Super-Brownian motion as the unique strong solution 
^ : to an SPDE 



O 
(N 



(N 
(N 






> 



oo 
^, 

en 

o 

(N 



c^ 



Jie Xiong* 
March 1, 2013 

Abstract 



r\ • A stochastic partial differential equation (SPDE) is derived for 

super-Brownian motion regarded as a distribution function valued pro- 
cess. The strong uniqueness for the solution to this SPDE is obtained 
by an extended Yaniada-Watanabe argument. Similar results are also 
proved for Fleming- Viot process. 
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1 Introduction 



'k>( ' Let {Q, J-", P, J-'i) be a stochastic basis satisfying the usual conditions. Namely, 

^ . (fi, J-", P) is a probability space and {J^t} is a family of non-decreasing right- 

continuous sub-cr-fields of J-" such that J-'o contains all P-null subsets of Q. 
Let W be an J-'^-adapted space-time white noise random measure on R_|_ x [/ 
with intensity measure dsX{da), where {U,U, A) is a measure space. We con- 
sider the following stochastic partial differential equation (SPDE): for t G M_|_ 
and y G M, 

utiy) = F{y) + f f Gia,y,Usiy))Widsda) + f -Ausiy)ds, (1.1) 
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where F is a real-valued measurable function on M, G : f/ x M^ — )• M sat- 
isfies the following conditions: there is a constant K > such that for any 

ui, U2, u, y eR, 

/ \G{a,y,ui) -G{a,y,U2)\'^X{da) < K\ui-U2\, (1.2) 

J u 

and 

/ \G(a,y,u)\^X(da) < K(l + ImP). (1.3) 

Ju 

We first give the definition for the solution to SPDE (II. ip . To this end, 
we need to introduce the following notations. For i G N U {0}, let Xi be the 
Hilbert space consisting of all functions / such that f^'^^ G L^(M, e~'^'(ia;), 
where f^''^ denotes the k-th order derivative in the sense of generalized func- 
tions. We refer the reader to Section 2.1 of Chapter 1 in the book of Gel'fand 
and Shilov [9J for a precise definition of such derivatives. We shall denote 
j(o) = f_ The Hilbert norm ||/||j is defined as 



J2 j f^''\xfe-\''\dx < oo. 

fc=0 " 



We denote the corresponding inner product by (■, ■)^. Let C^{R) be the col- 
lection of functions which has compact support and derivatives of all orders. 

Definition 1.1 Suppose that F G Xq. A continuous X^-valued process {ut} 
on a stochastic basis is a weak solution to SPDE M.l\) if there exists a space- 
time white noise W such that for any t > and f G C^(m), we have 

{utJ) = {FJ) + J^(u„^Afys (1.4) 

+ / / / G{a,y,Us{y))f{y)dyW{dsda), a.s. 
Jo JrJu 

Here let {f,g) = J^f{x)g{x)dx whenever the integral is well-defined. 

SPDE ( fi.il) has a strong solution if for any space-time white noise W on 
stochastic basis {Q,J^,P,J^t), there exists a continuous Xo-valued J-'t- adapted 
process {ut} such that (T^ holds for all f G C^(R). 

The first main result of this article is presented as follows. 



Theorem 1.2 Suppose that the conditions M.2\) and / fi.3|) hold. If F & Xq, 
then SPDE M.l\) has a strong solution (ut) satisfying 

E sup \\ut\\l < oo, (1.5) 

o<t<r 

and any two solutions satisfying this condition will coincide. 

The idea for the proof of the uniqueness part of Theorem 11.21 is outhned 
as foUows. When the solution to SPDE (11. ip is A'l-valued, i.e. Ut{x) is dif- 
ferentiable in x, we estabhsh its connection to a backward doubly stochastic 
differential equation (BDSDE). When the driving noise is finite dimensional, 
the coefficients are Lipschitz, and the solution of the SPDE is differentiable 
in X up to order 2, this connection was established by Pardoux and Peng [23] . 
We will use a smoothing approximation to achieve such a connection for the 
current non-Lipschitz setting. The Yamada-Watanabe (cf. [29]) argument 
to the BDSDE is applied to establish the uniqueness of the solution. As a 
consequence, SPDE (II. ip has at most one solution in the class of spatially dif- 
ferentiable solutions. In fact, the uniqueness in this smaller space is sufficient 
for applications to super-Brownian motions and Fleming- Viot processes. 

The goal of Theorem 11.21 is to prove uniqueness in the set of Aq- valued 
processes. The proof of this case is inspired by that of the A'l-valued process. 
It uses a detailed estimate of the spatial derivative term in the equation 
satisfied by the smoothing approximation of the solutions. 

The main motivation of the above result is its applications to many 
measure-valued processes, from which three are stated here. At the end 
of this section, other possible applications will be outlined, while their pre- 
sentations will appear in forthcoming publications. 

Super-Brownian motion (SBM), also called the Dawson- Watanabe pro- 
cess, has been studied by many authors since the pioneering work of Dawson 
[2] and Watanabe [26] . It is a measure- valued process arising as the limit for 
the empirical measure process of a branching particle system. It has been 
proved that this process satisfies a martingale problem (MP), whose unique- 
ness is established by the nonlinear partial differential equation satisfied by 
its log-Laplace transform. Denote SBM by (/ij). When the state space is R, 
for each t and almost all u, the measure fit has density with respect to the 
Lebesgue measure, and this density-valued process Vt satisfies the following 
non-linear SPDE: 

dtVt{x) = -Avt{x) + ^vt{x)Btx, (1.6) 



where B is the space-time white noise on R+ x M. This SPDE was derived 
and studied independently by Konno and Shiga |TH] and Reimers [21]. The 
uniqueness of the solution to SPDE fll.6p is only proved in the weak sense 
using that of the MP. 

Many attempts have been made towards proving the strong uniqueness 
for the solution to (11. 6p . The main difficulty is the non-Lipschitz coefficient 
in front of the noise. Some progress has been made by relaxing the form of 
the SPDE. When the space M is replaced by a single point, (11.61) becomes 
an SDE which is the Feller's diffusion dvt = ^/vldBt whose uniqueness is 
established using the Yamada-Watanabe argument. When the random field 
B is colored in space and white in time, the strong uniqueness of the solution 



to the SPDE (11.61) with Jvt{x) replaced by a function of Vt{x) was obtained 
by Mytnik et al [21] under suitable conditions. When i? is a space-time white 
noise, Mytnik and Perkins [20] proved pathwise uniqueness for multiplicative 
noises of the form o"(x, Vt{x))Btx, where a is Holder continuous of index a > | 
in the solution variable. In particular, their results imply that the following 
SPDE 

dMx) = \^vt{x) + \vt{xTBt., (1.7) 

has a pathwise unique solution when a > |. Some negative results have 



also been achieved. When signed solutions are allowed, Mueller et al [19] 
gave a non- uniqueness result when | < a < |. For SPDE (11.71) restricted to 
non-negative solutions, Burdzy et al [1] showed a non-uniqueness result for 
Q <a <\. 

In this paper, we approach this problem from a different point of view. 
Instead of considering the equation for the density-valued process, we study 
the SPDE satisfied by the "distribution" function-valued process. That is, 
we define the "distribution" function- valued process Ut- 

My) = I Mdx), Vy e R. (1.8) 

Jo 

Notice that Ut{y) is differentiable in y. Here Ut is referred to as the corre- 
sponding distribution function of fit, although /it is not necessarily a proba- 
bility measure. In addition, we take the integral starting from instead of 
— oo to include the case of fit being an infinite measure. 

Inspired by Dawson and Li [6J, we consider the following SPDE 

ut{y) = F{y) + / / W{dsda) + / -/^u,{y)ds, (1.9) 
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where F{y) = Jq fiQ^dx) is the distribution function of /io, W is a. white noise 
random measure on R+ x K with intensity measure dsda. The authors of |S] 
considered equation fll.9p with |A replaced by the bounded operator A given 
by 

Af{x) = (7(0;) - f{x))b, 

where 6 is a constant and 7 is a fixed function. We prove that the solution 
of fll.9p is indeed the distribution function-valued process corresponding to 
an SBM. The strong uniqueness for the solution to (11.91) is then obtained by 
applying Theorem 11.21 to the current setup. This result provides a new proof 
of uniqueness in law for SBM. 

Theorem 1.3 Let {fit} be an SBM and F G Xq, where F{y) = j^ fio{dx), 
\/ y E M.. If {ut} is the corresponding distribution function defined by U.8\) . 
then, it is possible to define a white noise W on an extension of the stochastic 
basis so that {ut} is the unique solution to the SPDE M.9^) . 

On the other hand, if {ut} is a weak solution to the SPDE lil.9^) with 
F E Xq being non- decreasing, then {/ii} is an SBM. 

The definition of the extension of a stochastic basis and random variables 
on the basis can be found in the book of Ikeda and Watanabe [TT]. We refer 
the reader to Definition 7.1 on page 89 in [11] for details. Here we only 
remark that the original SBM remains an SBM on the extended stochastic 
basis. 

Because of the difference in driving noise, the uniqueness of the solution 
to SPDE <^^ does not imply that of SPDE <^^. In fact, the noise W in 
(11.91) is constructed using the noise B and the solution vt in (11.61) . We also 
note that our uniqueness of the solution to SPDE (11.91) does not contradict 
the non-uniqueness result of [19] for the case of a = | , since signed solutions 
are allowed in [19]. Let Vt{x) be a (signed) solution to (I1.7P with a = |. 
Then, 

ut{x) = / vt{y)dy 
Jo 

does not satisfy (unless Vt(x) is non-negative) SPDE (II. 9p because the quad- 
ratic variation of the martingale 

\vsiy)\^B{dsdy) 

JO 



IS 

ft rx rt 



\vs{y)\dyds ^ / \us{x)\ds. 
JO Jo 

Similarly, we consider another very important measure-valued process: 
the Fleming- Viot (FV) process. We demonstrate that the following SPDE: 

ft /•! ft 1 

ut{y) = F{y) + J^ j^ (la<«.(y) " ^siv)) W{dsda) + j^ -Au,{y)ds, (1.10) 

can be used to characterize the distribution function-valued process deter- 
mined by the FV process, where VT is a white noise random measure on 
R+ X [0, 1], with intensity measure dsda. Uniqueness of the solution to SPDE 
f ll.lOP is the second application of Theorem 11.21 Observe that, this result 
provides a new proof of uniqueness in law for FV process. 

Theorem 1.4 Let {fit} be a FV process and 

ut{y) = iJ,ti{-oo,y]), Vy e K. 

Let F = uq & Xq. Then, it is possible to define a white noise W on an 
extension of the stochastic basis so that {ut} is the unique solution to SPDE 

On the other hand, if {ut} is a solution to SPDE U.10\) with F E Xq being 
the distribution of a probability measure on K, then {fit} is a FV process. 

The third application of Theorem 11.21 is for the SPDE driven by colored 
noise. More precisely, we consider the following SPDE: 

dut{x) = -Aut{x)dt + \Jut{x)B{x,dt), (l-H) 

where i? is a Gaussian noise on M x M+ with covariance function in space, 
i.e., 

Ei?(x, dt)B{y, dt) = 0(x, y)dt, W x,y eu. 

Theorem 1.5 Suppose uq G Xq is fixed, and (p is bounded. Then, SPDE 
1^1. 11\) has at most one solution. 

Such a result was obtained by Viot [25j when the state space is bounded. 
The unbounded state space case was shown in [21]. We reprove the result of 



as an application of Theorem 11.21 [51] also considers the case of singular 
covariance; however, Theorem 11.21 does not apply to this case. 

The rest of this paper is organized as follows. In Section |2l we establish 
the existence of a solution to SPDE (11. ip . Section |3] introduces the BDSDE 
and gives a Yamada-Watanabe type criteria for such equation. It also illus- 
trates the connection between the SPDE and the BDSDE. As a consequence, 
uniqueness for the solution of the SPDE when the solutions are restricted to 
those with first order partial derivative in the spatial variable. We refine in 
Section H] the uniqueness proof of Section |3] without the spatial differentia- 
bility condition. Finally, Section |5] applies the uniqueness result for SPDE 
f ll.ip to three important measure-valued processes. 

We use /i(/) or (/x, /) to denote the integral of a function / with respect 
to the measure fi. The letter K stands for a constant whose value can be 
changed from place to place, dx is used to denote the partial derivative with 
respect to the variable x if the notation V is ambiguous. 

We conclude this section by mentioning other possible applications of 
the idea developed in this article. The first is to consider measure-valued 
processes with interaction among individuals in the system. This interaction 
may come from the drift and diffusion coefficients which govern the motion 
of the individuals. It may also come from the branching and immigration 
mechanisms. This extension will appear in a joint work of Mytnik and Xiong 
[22]. The second possible application is to consider other type of nonlinear 
SPDEs, especially those where the noise term involves the spatial derivative 
of the solution. This extension will appear in a joint work of Gomez et al 
[7]. Finally, studying measure- valued processes by using SPDE methodology 
will have the advantage of utilizing the rich collection of tools developed 
in the area of SPDEs. For example, the large deviation principle (LDP) 
for some measure-valued processes, including FV process and the SBM, can 
be established. As it is well-known, LDP for general FV process is a long 
standing open problem (some partial results were obtained by Dawson and 
Feng [1], [5], and Feng and Xiong [10] for neutral FV processes, and Xiang 
and Zhang [27] for the case when the mutation operator tends to 0). This 
application will be presented in a joint work of Fatheddin and Xiong [S]. 

It was pointed out to me by two referees and by Leonid Mytnik that 
Theorem 11.21 can be proved using the Yamada-Watanabe argument directly 
to the SPDE without introducing the BDSDE. One of the advantages of the 
current backward framework is that the term involving the Laplacian oper- 
ator gets canceled when Ito-Pardoux-Peng formula is applied. Furthermore, 



as one of the referees pointed out, "it is quite possible that the BDSDE idea 
will have something to offer in other natural interacting models". In fact, 
in [7], the BDSDE idea is used to get the uniqueness for the solution to an 
SPDE where the noise term involves the spatial derivative of the solution. 
This term actually helped us in the proof of the uniqueness of the solution. 
To the best of my knowledge, the direct Yamada-Watanabe argument to such 
an equation cannot be easily implemented in this case. 

2 Existence of solution to SPDE 

In this section, we consider the existence of a solution to SPDE f ll.ip . 

Note that the definition of weak solution to f ll.ip is equivalent to the 
following mild formulation: 



utiy) = TtF{y) + f I I Pt-s{y - z)G{a, z, u,{z))dzW{dsda), (2.12) 
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Ttf{x) = / Ptix - y)f{y)dy and pt{x) = -j== exp - — 



/o Ju ■ 
where Tj is the Brownian semigroup, which is for any f E Xq, 

1 ( x^^ 

/27rt 



Before constructing a solution to fl2.12p . we prove the semigroup property 
for the family {Tt} to be used in later sections. 

Lemma 2.1 {Tt : t > 0} zs a strongly continuous semigroup on Xq. 
Proof: Let Kt be the function given by 

K^ = f e'^'^pi{z)dz < oo, V t > 0. 
It is easy to show that for any f E Xq, we have 

||T,/||o<i^i||/llo. (2.13) 

Thus, {Tt, t > 0} is a family of bounded linear operators on A'q. The 
semigroup property is not difficult to verify. We now focus on this semigroup's 
strong continuity. 



For any / G Cb{R) fl Aq, it follows from the dominated convergence theo- 
rem that as t — !■ 0, 



||Tt/-/||^< / f{f{x + tz)-f{x))p^{z)d2 



^dx — )■ 0. 



In general, for f E Xq, we take a sequence /„ G C{,(]R) fl Xq such that 
ll/n - /llo -> as n ^ cx). Then, 

\\Ttf - /llo < ^*||/n - /llo + \\Ttfn - /nllo, 

which implies T^/ — )■ / in ^Yq as t — ?■ 0. I 

In addition, we define operators Tj^ on the Hilbert space Xq ®L'^{U, A) = 
L2(kx U,e-\''\dx\{da)) as 

Tfg{a, x)= pt{x - y)g{a, y)dy, V t > 0. 



By the same argument as in the proof of Lemma 12.11 we have the following 
result. 

Lemma 2.2 {T^ : t > 0} is a strongly continuous semigroup on Xq (g) 
L^(f/, A). Furthermore, for any g E Xq ^ L'^{U, A), 

ll^i 9\\xo(sL2{u,\) < Kt\\g\\xo^L2(u,\)- (2.14) 

Now, we come back to the construction of a solution to (12.12^ . Define a 
sequence of approximations by: u^{y) = F{y) and, for n > 0, 

u'l^'iy) = TtF{y) + f' f f Pt-s{y - z)G{a, z, u1{z))dzW{dsda). (2.15) 

JO JU JWL 

Let 

J[x) = / e"l^lp(x - y)dy, 



where p is the moUifier given by 

p(x)=irexp(-l/(l-a;2))lu|<i. 



and i^ is a constant such that J^p{x)dx = 1. Then, for any m G Z+, there 
are constants Cm and Cm such that 

c„^e-l^l < J("^)(x) < C^e-I^l, Vx G M, 

(cd. Mitoma [18], (2.1)). We may and will replace e"'^' by J(x) in the 
definition of space Xi. 

9 



Lemma 2.3 For any p > 1 and T > 0, there exists a constant Ki = 
Ki{p, T) such that for any n > 0, 

EsuplKllo'' < i^i. (2.16) 

t<T 

Proof: We proceed by adapting the idea of Kurtz and Xiong [17] . Smoothing 
out if necessary, we may and will assume that m""^^ & X2. By Ito's formula, 
it is easy to show that, for any / G C^(R), 

r-t /I 



+ t f f G{a,y,u:{y))f{y)J{y)dyW{dsda), a(2.17) 

Jo JR JU 

Applying Ito's formula to ( I2.17P gives 

+ /*/ ( f G{a,y,u:{y))fiy)J{y)dy)\{da)ds 



JU 

t 



+ / / 2(<+\/) / Gia,y,u:{y))f{y)J{y)dyW{dsda). 
Jo Ju ^ ' Jk 

Summing on / over a complete orthonormal system (CONS) of Xq, we have 



wrx = \\F\\i+l{u:^\Au:^')^ds 



+ [[ f G{a,y,ul{y)fj{y)dyX{da)ds 
Jo JuJm 

+ J^ J^2{u:+\G{a,;u:{-)))^W{dsda). 

Ito's formula is again applied to obtain 

IK+ir (2.18) 



„+l||2(p-l)/^„+l^^„+l^ t/s 





\^ llo + / PW^s IIo 

JO 



n+l||2{p-l) / / ^/ „,"/„, \\2 



+ / pIK^'U ' / / Gia,y,u:iy)yJiy)dyXida)ds 
Jo JuJm 

+ /VlkM?'"'^ f 2{u:+\G{a,;u:{-)))^W{dsda) 



+2p{p - 1) J^ ||<+i^(^-') /^ (<+\ G{a, -, <(-)))^ Xida)ds. 
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Note that, for u G Xi, 

u{x)u'{x)J'{x)dx = — I u{x){u'{x)J'{x) + u{x)J"{x))dx, 
which iinphes that 

— / u{x)u'{x)J'{x)dx = - u{xYJ"{x)dx 

JR 2 JR 

< K2 I u{xYJ{x)dx 

Therefore, 

(m,A'u)q = / u"{x)u{x)J{x)dx 

JR 

= — u'{x){u'{x)J{x) + u{x)J'{x))dx 

By using Burkholder-Davis-Gundy inequahty on f l2.18p . 

EsuplK+i^^ < WFWf + pKj'nu'l-^^f^ds 

s<t Jo 

+K,J\{\\u:^X^'-'\i + \\u:\\i))ds 
/ft \ 1/2 

Hence, 

/„+i(t) ^ EsuplK+i^P 

s<t 

< \\F\\l^ + K, f U+i{s)ds + Ke f Us)ds + hn+iit). 
Jo Jo I 

The Gronwall's inequahty and an induction argument finish the proof. 
We proceed to prove the tightness of {u"} in C([0,T] x m). Denote 

<(l/) = / / [ pt-siy - z)G{a,z,u'^{z))dzW{dsda). 
Jo Ju Jr 
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Lemma 2.4 For any p > I > a, there is a constant Ki such that 

Ei^r(z/i) - <(i/2)r^ < K,ep^\y^\''\y^%i - y2r. (2.19) 

Proof: Denote the left hand side of ( 12.1 9p by /. It follows from Burkholder's 
inequality that there exists a constant K2 > such that I is bounded by 

K2EijJ(j{ps{yi-z)-ps{y2-z))G{a,z,u'l_^{z))dz] X{da)dsj . 

By Holder's inequality, 

/ < K2¥.( f f f {ps{yi-z)-p,{y2-z)fe\'\dz 

X / G{a, z,u^_^{z)ye^^''^dzX{da)ds) . 
Js. } 

The linear growth condition (11. 3p and the estimate f l2.16p is then applied to 
get 



/ < iTcEf 



( / / {Vs{y\ - z) - Ps{y2 - z))^ e^^'^dz 
X f K{l + \utsiz)\^)e'^"^dzdsY 
< KsU J {ps{yi - z) - Ps{y2 - z)f e^'^dzdsj . 
Using the fact that 

\Psiyi)-Psiy2)\<Ks~^\yi-y2\, Vs>0, yi, 1/2 G R, 
we arrive at 

/ < K,^J^^s-"\y,-y2r{ps{yi'z)yps{y2-z)f-''e\'\dzdsJ 
< Kjf'f s-°|i/i - y2\ys{zy""e^"^dzdse^y'^''^y^^ 

which finishes the proof of f l2.19p . 

12 



Similarly, we can prove that 

We are now ready to provide 

Proof of Theorem \1.S\ (Existence): By Kolmogorov's criteria (cf. Corol- 
lary 16.9 in Kallenberg tl2j), for each fixed m, the sequence of laws of 
{vt{x) : (t, x) e [0,T] X [-m^m]} on C([0,T] x [-m,m]) is tight, and 
hence, has a convergent subsequence. By the standard diagonalization ar- 
gument, there exists a subsequence {f"''(a;)} which converges in law on 
C([0,T] X [—m,m]) for each m. Therefore, {v]^''{x)} converges in law on 

c([o,r] X M). 

Let Vt{x) be a limit point. For any ti <t2, it follows from Fatou's lemma 
that 

Ell^ti - VtJl" < fsTiliminf E ( f |t;^(a;) - <'=(2;)| Vl^'l^xV 
< K2 lim inf E / \vl' (x) - v^' (x) l^^e-t^l^lrfa; 

Jr 

= Ki\ti-t2r'\ 

By Kolmogorov's criteria again, we see that there is a version, which we will 
take, such that v. G C([0,T], Afo) a.s. 

Let Utiy) = TtF{y) + Vt{y). Then, u. G C([0,T], A'g) a.s. The proof of 
{u.} being a solution to SPDE fll.ip is standard. Here is a sketch and the 
reader is referred to Sections 6.2 and 8.2 of Kallianpur and Xiong fl^ for 
two similar situations. First, by passing to the limit, we can prove that for 
any / G Co~(m), 

Mi ^ {ut, f) - {F, f) - IJ in,, \m) ds 



and 



Ni ^ {ut, ff - (F, ff - f {Us, f) {Us, A/) ds 

Jo 

/ { G{a,y,Us{y))f{y)dy) X{da)ds 
/o Ju \Jr J 
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are martingales. It then follows that the quadratic variation process of M^ 
is given by 

(Mf)^ = fj^ (^J^G{a,y,u,{y))f{y)dyJx{da)ds. 

The martingale M-^ is then represented as 

Mi = f I I G{a,y,uM)fiy)dyW{dsda) 
Jo JrJu 

for a suitable random measure W defined on a stochastic basis. Consequently, 

Ut is a weak solution to SPDE fll.ip . 

Estimate (11.51) follows from ( I2.16p and Fatou's lemma. I 



3 Backward doubly SDE 

This section is of interest on its own. It is inspirational for the proof of the 
uniqueness part of Theorem 11.21 which we will present in the next section. 

In this section, we study uniqueness of the solution to a BDSDE whose 
coefficient is not Lipschitz, and the relationship between this BDSDE and 
an SPDE whose coefficient is not Lipschitz. Because of this non-Lipschitz 
property, the corresponding results of Pardoux and Peng [23] do not apply to 
the current BDSDE and SPDE. We will adapt Yamada-Watanabe's argument 
to the present setup to obtain uniqueness for the solution to the BDSDE and 
a smoothing approximation to establish the connection between the BDSDE 
and the SPDE. As an application, we obtain the uniqueness for the SPDE 
if the solutions are restricted to those that are differentiable with respect to 
the spatial variable. 

Let y G M be fixed. We consider the following BDSDE with pair {Yt, Zt) 
as its solution: 

Yt = i+ I I G(a, y, Ys)W{dsda) - f Z^dBs, < t < T, (3.20) 

where ^ is an J-'^ -measurable random variable, G satisfies the Holder con- 
tinuity (11. 2p . J-"^ = a{Bs : < s < T), i? is a Brownian motion, and W, 
independent of B, is a space-time white noise in R+ x f/ with intensity mea- 
sure dsX{da). The notation W{dsda) stands for the backward Ito integral 
(cf. Xiong |28]), that is, in the Riemann sum approximating the stochastic 
integral, we take the right end-points instead of the left ones. 

14 



Definition 3.1 The pair of processes {Yt, Zt) is a solution to BDSDE Ii3.20\) 
if they are Gt-O'dapted, Y. e C([0, T],R) a.s., E/q Z'^ds < oo, and for each 
t e [0,T], the identity Ii3.20\) holds a.s., where 

Qt = a [Bs, s < t; W{[r,T] x A), r e [t,T], A e B{l 

Note that Qt is the a-algebra generated by B before time t and by W 
after time t. The family {Qt} is not a filtration because it is not increasing. 
We now state an Ito type formula in the present setting. 

Lemma 3.2 (Ito-Pardoux-Peng formula) Suppose that a process yt is 
given by 

yt = i+ I I a{s ., a)W {dsda) — / ZgdBg, 
Jt Ju Jt 

where a : [0, T] x [/ x fi — )■ M is a Qt-adapted random field, and 



E/ / a{s,ayX(da)ds + E z"^ ds < oo. 
Jo Ju Jo 

Then, for any f G C'^{M.), we have 

fiVt) = /(O + r f nys)a{s,a)W{dsda) - ^ zJ'{y,)dB, 
Jt Ju Jt 

+1 [ J^ nys)a{s, afdads -]^j'^ z^J"{y,)ds. (3.21) 

Proof: Let {hj} be a CONS of L'^{U,U, A) and 

Wt^^ = f f hJa)W{dsda), j = 1, 2, • • • . 
Jo Ju 



/o JU 



Then, {Wt ^}j=i,2,--- are independent Brownian motions. Let 

E 



■ T <J t ^ t 



where (■, ■)i2iux) denotes the inner product in L'^{U,U, A), and dWs ^ means 
that the stochastic integral is defined as backward Ito integral. 
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Applying Lemma 1.3 of [23] to /(y") gives 



7 = 1 ^ ^ 



Taking n ^ oo, we then finish the proof of the Ito-Pardoux-Peng formula 
fl3.2ip under the present setup. I 

Here is the main result of this section. 

Theorem 3.3 Suppose that the conditions ( (i.^) and U.3\) hold. Then, BDSDE 
i\3.20\) has at most one solution. 

Proof: Suppose that fl3.20p has two solutions (Yl,Zl), i = I, 2. Let {ofc} 
be a decreasing positive sequence defined recursively by 

Oq = 1 and / z dz = k, k > 1. 

Let ipk be non- negative continuous functions supported in (a^, ak-i) satisfying 

^k{z)dz = 1 and ^^(z) < 2{kzy^, V z ER. 

a-k 

Let 

f\^\ ry 
(j)k{z) = dy tpk{x)dx, y z ER. 

Jo Jo 

Then, (j)k{z) -^ \z\ and \z\(j)'l{z) < 2k~\ 
Since 

rT 



Yt-yt = I J^{G{a,yX)-G{a,yX))w{dsda) 

~j^(zl-Zl)dB,, (3.22) 

then by Ito-Pardoux-Peng formula, 

Ay^-Yt') 



T 



',{¥} - Y^) (G(a, y, Y}) - G(a, y, Y^)) W{dsda) 



t Ju 
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+ 1 [ I K{Y} - Y^) (G(a, y, Y}) - G(a, y, Y^)f \{da)ds 

-\ [ KiY} - Y^) (Z\ - Zffds. (3.23) 



The sequence 0'^ being bounded and E/q \Zl — Z^l'^ds < oo imply that the 
second term on the right hand side of (13.231) is a square integrable martingale, 
and hence, its expectation is 0. Moreover, by a parallel argument, the expec- 
tation of the first term is also zero. Since the last term is non-positive, by 
taking expectation on both sides of fl3.23p . the following estimate is attained 



2^ 



EMYl - Y, J 

< K,^j%l{Y} - Y!)\YI - Y^\ds 

< K2k-\ 

Taking fc — > oo and making use of Fatou's lemma, we have 

E|r/-r/| <o. 

Therefore, Y^ = Y^ a.s. Plugging back into fl3.22p . we can get 

j [Z] - Zl)dBs = 0, a.s. 

Hence, Zl = Zf a.s. for a.e. t, concluding the proof. I 

Finally, in this section, we establish a relationship between SPDEs and 
BDSDEs under non-Lipschitz setup. To this end, we convert SPDE (11. ip to 
its backward version. For T fixed, we define the random field 

Ut{y) = UT-t{y), VtG [0,T], yeR, 
and introduce the new noise W by 

W{[0,t]xA) = W{[T-t,T]xA), VtG[0,T], AeB{R). 
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Then, Ut satisfies backward SPDE given by 

utiy) = F{y) + r [ Gia, y, uMWidsda) + T lAus{y)ds. (3.24) 



It is clear that SPDEs (11. ip and fl3.24p have the same uniqueness property. 
Specifically, if f ll.ip has a unique strong solution, then so does (I3.24p . and 
vice versa. Observe that Ut is J-'^^-measurable. 
We denote 

Xl'y = y + Bs-Bt, V t < s < T, (3.25) 

and consider the following BDSDE: 
yt^y = F{X'/) + f f G{a, y, Y^''y)W{drda) - / Zl'^dB,., t<s<T. 

J s Ju Js 

(3.26) 

BDSDE (E2SD coincides with BDSDE (K^ if we take ^ = F{X^/) and 

let the initial time be denoted by t instead of {t is fixed and s varies as 

shown). We use the superscript (t,y) to indicate the dependency on the 

initial state of the underlying motion. 

Theorem 3.4 Suppose that the conditions jil.S^) and U.3\) hold. If the pro- 
cess {ut} is a solution to ^3.24^ such that u. e C([0,T], ^"1) a.s., and 



i-T 

E / lln^llirfs < 00, (3.27) 

JO 

then 

Utiy) = yl'\ 

where Y^^'y is a solution to the BDSDE / TO^) . 
Proof: Let 

y/'^ = Us{Xl'y) and Zl^y = Vu,(X*'^), t<s<T. (3.28) 

To prove (13.260 . we need to smooth the function Uf. For any 5 > 0, let 

uf{y)=TsUt{y), Wyem. 
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It is well-known that for any t > and S > 0, uf E C°°. Applying Ts to both 



sides of (13.241) . we have 

utiy) = TsF{y) + jy-Aul{y)ds 



rTl 



(3.29) 



t JU 



Ps{y — z)G{a, z , Us{z))dzW {dsda) . 



Let s = to < ti < ■ ■ ■ < tn = T he a. partition of [s, T]. Then, 

ulixl'y)-TsF{x!^y) 

n~l n— 1 

E {uiiXtf) - uiiXtfj) + E {uiiXlfJ - <,(X^:,: 

■ " j=0 



j=0 
n-1 



i=0 *» ^ j=0 *» 

n— 1 ft-i-i 1 



i=0 

n-1 



+ E 

j=0 



<i + l 



P5(X(^'^^ — z)G{a, z, Ur{z))W {drda)dz, 



where we used Ito's formula for uf_ (note that uf_ is independent of X^'^ and 
Br), and SPDE (13.291) with y replaced by X^'r^^. Setting the mesh size to go 
to 0, we obtain 



ui{Xl'y)-TsF{X'/) 
Vul{Xl^y)dBr 



(3.30) 



+ 



PsiX^jy - z)G{a, z, Ur{z))W{drda)dz. 



We take 5 -)■ on both sides of (I3.30p . Note that for s > t, 



E 



E 



< E 



/ Vul{X'^^y)dBr - f VUr{Xl'y)dBr 
J s J s 

r vul{x';y) -vurixl^y)'' dr 

J s 

/ / (TsVuriz) - Vur{z)f Pr^tiy - z)dzdr. 

Js Jr 
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For s > t fixed, there exists a constant Ki, depending on s — t, such that for 
any r > s, 

Pr-tiy -z)< Ke-\y-'\ < TTel^le-l^l. 

Thus, we may continue the estimate above with 

2 



E 



v4{x'^'y)dBr 



T 



VUr{X'^'y)dBr 



< Ke^y^ [ f (TsVuriz) - Vuriz)f e'^^Uzdr -^ 0, 
J s Jm 



where the last step follows from the integrability condition fl3.27p . 

The other terms can be estimated similarly. (13.261) follows from (13.301) by 
taking 6-^0. I 



4 Uniqueness for SPDE 



The existence of a solution to SPDE (II. ip was established in Section [2l This 
section is devoted to the proof of the uniqueness part of Theorem 11.21 

Proof of Theorem M.^ (Uniqueness) : Let u{, j = 1, 2, be two solutions to 
SPDE dlll]). Let T > be fixed and let ui = u{_,. Denote ui^^ = Tsui j = 
1, 2 and let s > t be fixed. By flOOD . 



2,S(yt,y\ 



(4.31) 



'\{uY~uY){xi^y)dBr 

+ 111 PsiX';:^ - z) (G(a, z, ul{z)) - G{a, z, uUz))^ dzW{drda). 

Let (pk be defined as in the proof of Theorem l3.3[ Applying Ito-Pardoux-Peng 
formula to (14.311) and (pk, similar to (I3.23p . we get 



Ec 



'4k (u'/ixl'y) - ul'\xl'y)) 

ps{Xl'y — z) (G{a, z, ul{z)) — G{a, z, u^{z))) dz 



(4.32) 



X{da)dr. 
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Next, we take the limit (5 ^^ on both sides of fl4.32p . By Lemma I2.H 
Tsui — !■ M^ in A'o as 5 — )■ 0. Taking a subsequence if necessary, we may and 
will assume that Tsui{x) — )■ ui{x) for almost every x with respect to the 
Lebesgue measure. Therefore, 

and by the bounded convergence theorem, the left hand side of (14.321) con- 
verges to 

E<p, {ulixl'y) - ulixl'y)) . 

Denote 

(yfj.(a, z) = G{a, z, ul{z)) — G{a, z, ul{z)), (a, z) E U x R. 
Then, the right hand side of fl4.32p can be written as 

Ie f f f <Pl U/ix) - uy{x)) |T,V(a,x)|V-t(a: - y)dxX{di(^M) 
2 Js JrJu ^ ' 

1 /"^ 

where hr{x), r > s and a; G K, is such that 

hrixf = (l^liuyix) - uyix))e\^\pr-t{x - y) . 

Note that hr{x) is bounded by a constant depending on {k, s — t, y). On 
the other hand 

hrWl^^L^x) <K [ {l + \uliz)\' + \uUz)\') e-\^\dz 

which is integrable. By Lemma [2^2] and the dominated convergence theorem, 
we see that the limit of the right hand side of (14.321) is equal to 



1 [^ 

1 /"^ 

-E / \\grhr\\xa(^L'i(U,X)'^^ 



s 



^ '%: {ul{Xl:y) - ul{Xl:y)) |S^(X*'^) - ul{Xl'y)\dr. 



2 
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To summarize, we obtain 

E<p, (uliXl'y) - uliXl'y)) (4.34) 

where we used |2;|(/)^'(z) < 2k~^ in the last step. 

Finally, applying Fatou's lemma for A; — )■ oo, we obtain. 



Em 



(Xl'y) - ul{Xl'y)\ < hminf E0, (s^^s'^) " «s(^s'')) < 0. 

fc— s-oo ^ / 



Therefore, ^^(X*'^) — ^^(X*'^) = a.s. Taking s J, t, we get ul{y) = u^iy), 



a.s. 



After proving the pathwise (strong) uniqueness and weak existence of 
the solution for SPDE (II. ip . we verify its (weak) uniqueness. For finite 
dimensional Ito equations, Yamada and Watanabe [23] proved that weak 
existence and strong uniqueness imply strong existence and weak uniqueness. 
Kurtz [16] considered this problem in an abstract setting. To apply Kurtz's 
result to SPDE (II. ip . we convert it to an SPDE driven by a sequence of 
independent Brownian motions. Let {hj}'jL^ be a CONS of L'^{U,U,X) and 
define 

B{ = f f hj{a)W{dsda), j = 1, 2, ■ ■ • . 

Letting Bt = (i?^)°^^, it is easy to see that (ILip is equivalent to the following 
SPDE 

ut{y) = F{y) + ^ / G,{y,Us{y))dBi + / -Au,{y)ds, (4.35) 



where 



Gj{y,u) = / G{a,y,u)hj{a)X{da). 
J u 



Denote 

^1 = C([0,r], A'o) and ^2 = c([o,r],M°°). 

Let {fk}T=i C e'er (I*) be a dense subset of Xq and F : Si x 5*2 -> M be the 
measurable functional defined by 

oo 

F(«,5■) = Esup|7f|A2-^ 



fc=i 
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t<T 



where 

r,^ = {ut, h) - {F, h) - J^ (u., ^A/fc^ ds-f: J^ J^ G,{y, Us{y))f{y)dydBi. 

Then, SPDE fl4.35p can be rewritten as 

T{u.,B.) =0. 

The following theorem is a direct consequence of Proposition 2.10 in Kurtz 
which is needed for next section. 



Theorem 4.1 // (u!), i = 1,2, are two solutions of SPDE U.l\) (may be 
defined on different stochastic bases) such that 



Esup \\ul\\l < CO, i = 1,2, 

t<T 



then, their laws in C([0,T], Aq) coincide. 

5 Measure-valued processes 

In this section, we give the proofs of three applications of Theorem 11.21 to 
measure-valued processes. 

Recall that SBM fit is defined as the unique solution to the following 
martingale problem (MP): V / G C^(R), the process 

Mi ^ Uf) - Kf) - Jl /i. (^r) ds (5.36) 

is a continuous square-integrable martingale with 

{Mf)^ = j\,[f')ds. (5.37) 

Now, we present 

Proof of Theorem \1.3\ Suppose that /xj is an SBM and Ut is defined by 
f lTSj) . Let / G Cl{^) and g{y) = /~ f{x)dx. Then, 

{ut,f) = fitig) (5.38) 

= fioig) + J^ fis l^-g"^ ds + M! 

= {F, f) + f^ lu,,]^f"ys + M! . 
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Let iS'(m) be the space of Schwartz distributions and define the 5' (R)- valued 
process Nt by Nt{f) = Mf for any / G Co°^(m). Then, Nt is an >S'(R)-valued 
continuous square-integrable martingale with 

{NU))t = f [ 9iy)'f^s{dy)ds 

Jo Jr 

/ g{Ug^{a)Ydads 

Jk. 

= { ^a<usiy)f{y)dy) dads, 

Jo Jr \Jr / 

where u~^ is the generalized inverse of the non- decreasing function Us, i.e., 

uj^{a) = sup {x G M : Us{x) < a} . 
Let 7 : R+ x (] — > L(2){H, H) be defined as 

7(s,a;)/(a) = j la<u4x)f{x)dx, V/ G H, 

where H = L^(m) and L^2){H,H) is the space consisting of all Hilbert- 
Schmidt operators on H. By Theorem 3.3.5 of Kallianpur and Xiong [T3], 
on an extension of the original stochastic basis, there exists an if-cylindric 
Brownian motion Bt such that 

Ntif)= j\l{s,u)f,dBs)H- 

Let \hj\ be a CONS of the Hilbert space H and define random measure W 

on R_,_ X M as 

oo 

It is easy to show that VT is a Gaussian white noise random measure on 
M+ X K with intensity dsda. Furthermore, 

^t{f) = t f f la<u4x)f{x)dxW{dsda). 
Jo JrJr 

Plugging back to (15.381) verifies that Ut is a solution to fll.9p . 

On the other hand, suppose that {ut} is a weak solution to SPDE fll.9p 
with F G A'o being non- decreasing. Let /io be the measure determined by F. 
Let Ut be an SBM with initial /iq. Define the function- valued process Ut by 

ut{y) = I Mdx), My G K. 
Jo 
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By above result, Ut is a solution to SPDE f ll.9p with initial F. Here we 
remark that (ll.9p coincides with (II. ip if we take U = R, \{da) = da and 
G{a,y,u) = lo<a<u + l«<a<o- By the weak uniqueness (Theorem 14. ip of the 
solution to this SPDE, (ut) and (ut) have the same distribution, implying 
(/xt) and (z/i) have the same distribution. This proves that (/it) is an SBM. I 

The result for the Fleming- Viot process is similar so we only provide a 
sketch. 

Sketch of the proof of Theorem \1.4\ The uniqueness of SPDE (ll.lOp fol- 



lows from Theorem 11.21 by taking U = [0,1], X{da) = da and G{a,y,u) 

lo<a<-u ~ u. 

Suppose that {ut} is a weak solution to the SPDE (ll.lOp and {fit} is 
defined by I^M)- Then for any / e C^{m.), 

M) = -{utJ') 

= -{FJ')- f f]-u,{y)f"\y)dyds 
Jo Jr Z 

[^a<us(y) - Usiy)) W{dsda)f'{y)dy 

* n 



Kf) + I /is (2/") ds 

+ f f (/ (n;i(a)) - /i,(/)) W{dsda). 



Thus, 



Ni ^ ^^(f)-^(f)-j^^^(if"ys 



^^\f {u;\a)) ~ fi,if))w{dsda) 



is a continuous square-integrable martingale with 

(ivOt = [ l\f {u;\ci)) - f,,{f)y dads 
(/i. (f ) - fi.iff) ds. 



JO 

t 



/o 
The proof of other direction is similar, so we omit it. 

Finally, we present 
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Proof of Theorem \1.5\ Denote by H the reproducing kernel Hilbert space 
(RKHS) of the covariance function 0. In other words, HI is the completion of 
the linear span of the functions {0(a;, ■) : x G M} with respect to the inner 
product 

(0(a;,-),0(l/, ■))h = '^(^'1/)- 

We refer the reader to Kallianpur [13], p. 139 for more details on RKHS. Let 
{hj} be a CONS of H. Let U = N and let X{da) be the counting measure. 
Note that 

oo 



u 



p{a, x) p{a, y) X{da) , 



where p{a, x) = (0(x, ■), ha)^. 

Let S(R) be the space of rapidly decreasing functions on R (cf. See Defini- 
tion 1.3.4 in Kallianpur and Xiong [TTj for its definition). For any h G 5(m), 
we define 

Bt{h) = f f h{x)B{x,ds)dx. 

Jo JR 

Then, Bt is an iS'(r)- valued martingale with 

{B{h))^ = h{x)h{y)(f){x,y)dxdyds 





oo „i 



E 



,=i-^o 



h{x)p{j,x)dx 



ds. 



Analogous to the proof of Theorem 1 1.31 there exists a sequence of independent 



Brownian motions B{ such that 



Bt{h)=Y. / h{x)p{3,x)dxdBl. 
■^ Jo Jm 



Let 

Wi[0,t]x{j}) = W^, J = l,2,---. 

Then, H^ is a space-time white noise random measure on R_(_ x f/ with intensity 
dtX{da), and 

B(x,dt)= / p(a,x)W(dtda). 
Ju 
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Let 

G{a,y,u) = p{a,y)y/u. 

Then, (11. lip is a special case of SPDE (11. ip and conditions (11 ■2p and (I1.3P 
are satisfied. The conclusion of Theorem 11.51 then follows from Theorem 11.21 
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